A three-dimensional (3D) point-kernel multiple scatter model for point spread function (PSF) determination in parallel-beam single-photon emission computed tomography (SPECT), based on a dose gamma-ray buildup factor, is proposed. This model embraces nonuniform attenuation in a voxelized object of imaging (patient body) and multiple scattering that is treated as in the point-kernel integration gamma-ray shielding problems. First-order Compton scattering is done by means of the Klein-Nishina formula, but the multiple scattering is accounted for by making use of a dose buildup factor. An asset of the present model is the possibility of generating a complete two-dimensional (2D) PSF that can be used for 3D SPECT reconstruction by means of iterative algorithms. The proposed model is convenient in those situations where more exact techniques are not economical. For the proposed model's testing purpose calculations (for the point source in a nonuniform scattering object for parallel beam collimator geometry), the multiple-order scatter PSF generated by means of the proposed model matched well with those using Monte Carlo (MC) simulations. Discrepancies are observed only at the exponential tails mostly due to the high statistic uncertainty of MC simulations in this area, but not because of the inappropriateness of the model.
Introduction
In single-photon emission computed tomography (SPECT), attenuation and scatter correction are, in many cases, essentially important in reducing artefacts in a reconstructed image, especially for cardiac SPECT, due to the presence of low-density lung tissue near the heart, and high-density bones (pectoral bone, ribs and spine) (Levy et al 1992 , King et al 1995a , 1995b . While compensating for attenuation, it is optimal to use a patient-specific attenuation µ-map, that is better than using an averaged constant µ value (Hasehawa et al 1993) . Attenuation compensated and noncompensated counts can differ, regarding the study and radionuclide, more than two times. Depending on the clinical study type and conditions of the measurement, the fraction of counts due to scattered photons is in the order of 20-60% of total counts (Manglos et al 1987) , that results in a reduced contrast in the reconstructed image. Exact compensations are difficult to perform efficiently as scatter response is a function of gamma source depth and the location of the gamma camera with respect to the patient's body (Xu et al 1998) .
The concept of the point spread function (PSF) gives the possibility of both the attenuation and the scatter corrections (Hebert et al 1993) . The iterative ordered subsets estimationmaximization maximum likelihood (OS-EM-ML) algorithm, that requires knowledge of PSF, is a very useful solution to SPECT image reconstruction (Hudson and Larkin 1994) . The value of the PSF has to be known for each voxel in the patient's body with respect to each projection angle.
Several authors investigated attenuation and scatter distance-dependent PSF for SPECT by different methods. A group of methods are based on an analytical approach (Beekman et al 1993 , Frey and Tsui 1993 , Wang et al 1993 , Cao et al 1994 , Pan and Metz 1997 , Wells et al 1997 , Bai et al 1998 , Zeng et al 1999 , but the other ones are founded on Monte Carlo (MC) simulations (Miller et al 1996 , Narita et al 1996 , Staelens et al 2003 , Cot et al 2004 . Analytical methods are usually approximative (they habitually take into account directly arrived, and first and second times scattered photons), contrary to MC simulations that are exact as much as gamma photon interaction laws with matter were confidently known, and the uncertainty is governed mainly by statistical factors. Although the MC technique is powerful and economical, its major drawback is the huge computer time required for execution. Analytical methods have much less calculation burden and, because of its deterministic nature, they have no problems with statistics and, therefore, are much more appropriate for clinical use.
Multiple gamma photon scattering in the object of imaging (the patient's body) was also important, but was considered only by a few investigators (Bai et al 2001) . Those considerations were based on the first and second scatter driven by the Klein-Nishina formula.
A scheme for generating attenuation-corrected images, based on a buildup factor approach for Compton scattering compensation (Siegel 1985) and the method based on correcting one pixel at a time by using a density map and buildup functions, has been developed by Ljungberg et al (1990) .
In this paper, an innovative method for multiple scattering correction in SPECT is proposed. It is the point-kernel integration method based on the usage of energy-dependent gamma dose geometric-progression (GP) buildup factors developed for shielding calculation (Harima et al 1986 , 1991 , Trubey and Harima 1987 , Malenfant 1994 , that compensate multiple scattering only throughout the scatter leg (after the photon first interaction) between the point of scatter and the edge of the imaging object.
Theory
Point-kernel methods have widely been used in gamma-ray radiation shielding analysis for years, and the techniques are well known. The proposed model uses the point-kernel raytracing technique for analysis of the photon transport in a patient's body. In this method, a point kernel (representing the transport of photons by uncollided flux along a line-of-sight path) is combined with the buildup factor to account for the contribution from multiple scattered photons. Multiple scattering is compensated only throughout the scatter leg, after the first photon interaction.
Object modelling (a description of geometry and material composition) is fundamental for performing photon transport efficiently. The modelling can be realized by means of simple geometry (SG), shape-based (SB) and voxel-based (VB) approaches. The SG model means that an object is composed of simple primitives, such as cylinders and spheres. The SB approach represents the boundaries of shapes by mathematical equations. Regular shapes, such as cylinders, spheres, planes, etc, have been used to approximate irregularly shaped regions. The VB approach apportions an object of imaging into cubes (voxels) with uniform characteristics. An object is in this way represented by a union of voxels of the same size. The proposed model is based on the VB approach. Simple geometries are useful in studying the fundamental issues of scatter and attenuation, but clinical problems cannot be successfully evaluated by such an approach.
A three-dimensional (3D) imaging object is voxelized (divided into small volume boxes). Two kinds of boxes (of the same size) are considered: source voxels and scatter ones, forming the scatter grid. The scatter from scatter voxels is assumed to take place at the centrum of each one. The scatter grid should be such that there is only a small range of scattering angles across the extent of each volume box, and the boxes should be small compared to the mean free path. The assumption that scatter occurs at the centrum of the scatter voxel may contribute to the inaccuracy in the determination of PSF mostly at the tails. The smaller the voxel is, the less the error is.
In the proposed model of scattering, photon paths are traced from the voxel containing the activity (the source voxel with the source in its centrum) throughout a scatter medium towards the gamma camera-figure 1. The gamma photon flux φ ν (E), of energy E, at the scatter point (the centrum of the scatter voxel labelled as ν) is
where δ ν = m δ ν,m is the total source point (the centrum of the source voxel) to the scatter point (the centrum of the scatter voxel of index ν) separation distance, µ ν,m is the linear attenuation coefficient (at energy E) of the material in the mth voxel traversed going from the source to the scatter point, δ ν,m is the distance throughout the mth voxel, and Q is the voxel source strength (the number of emitted photons per unit time). The equivalent isotropic point source intensity of radiation scattered in the direction of an observed collimator hole (through the gamma camera scintillator), for the scatter voxel of index ν, is given as
where N ν is the number of electrons inside the scatter voxel associated with the scatter point, and dσ/d is the Klein-Nishina differential scattering cross section per electron, for a photon of energy E, given by the formula
where α = E/(m e c 2 ), r 0 is the classical electron radius (having the mass of m e ), and ϑ is the scattering angle. Thompson and Rayleigh scatterings are not embraced by the proposed model.
The number of electrons associated with the scatter point is
where V is the scatter voxel volume, β i is the relative molar composition fraction of the ith element in the observed voxel, N A = 6.022 × 10 23 mol −1 is Avogadro's number, A m,k is the atomic mass of the kth element, and ρ i is the density of the ith element having the atomic number Z i .
A gamma camera response is recorded as a function of incident and scattered photons with application of buildup on the path between the scatter point and the collimator hole point (at the centrum of the back side of the collimator). Scattering is calculated at the geometric centre of each elemental scatter volume and is characteristic of materials at that point even if other materials are contained elsewhere within the voxel volume. Photons, that directly arrive at the collimator, are attenuated on its way through the object. In that way, the gamma camera response R T (registered counts per camera pixel per unit time) from all gamma photons (scattered and directly arrived) is
where δ s = m δ s,m is the scatter point-gamma camera detector separation distance measured along the scatter lag, δ d = m δ d,m is the distance from the source voxel to the detector pixel, µ s,m is the attenuation coefficient of material in the mth voxel for scattered energy
is the number buildup factor (x is the distance measured in mean free paths, defined as x = m µ s,m δ s,m ), ν is the probability that scattered photon (in voxel ν), entering the collimator face, will pass through it and cause the count, and d is the probability for the directly arrived ones. To simplify the problem, probabilities ν and d are only calculated from the centrum of voxels considering that all radiation will come from those points.
The number buildup factor B N is related to the dose buildup factor B D as (Trubey 1990 ). where
where ϕ s (E 1 ) is the scattered photon flux density, E is the initial energy of photons, and µ e is the mass-energy attenuation coefficient. In the proposed model, the water point-isotropic dose buildup factor has been used. The buildup factor was computed from the coefficients using the GP fitting functions. The GP fitting function can accurately reproduce the data over the full range of energy and atomic number within a few per cent. The GP function is
where x is the source-detector distance in mean free paths, b is the value of the buildup factor at one mean free path, and K is the multiplication per mean free path; a, c, d and X k are fitting parameters which depend on source energy (see table 1 ). The values of GP coefficients for photons at 140 keV are interpolated from the values provided in table 1. The four basic assumptions assumed with respect to the buildup factor are as follows: (1) the general use of the dose buildup factor B D (instead of the number buildup factor B N ) for modelling the multiple scattering in the object of imaging during the SPECT study; (2) the general use of point isotropic buildup factors for application to effectively non-isotropic sources; (3) the application of buildup only to the scatter leg, and (4) the use of a single medium buildup factor (only for water).
The effect of the first assumption is a weak underestimate of the multiple scattering in the matter. This is a consequence of the fact that the energy absorption coefficient is a little bit lower for energies of scattered photons (for the gamma sources used in nuclear medicine) than for unscattered ones, and that the ratio of energy of scattered and unscattered photons is, normally, less then one. The narrower the gamma camera energy window, the less the underestimation.
In the case of a monochromatic source of photons having energy E and a gamma camera window E, factor K F (equation (7)) becomes
. If the scattered Table 2 . GP coefficients for bone (Sidhu et al 2000) . photons spectrum has such a shape that µ e ϕ s is weakly dependent on energy, then coefficient
MC calculations showed that the value of difference between results obtained with the exact formula and approximative formula is small for the usually adjusted gamma camera energy window of 20%.
The effect of the second assumption is to overcalculate the buildup for forward scattering and undercalculate it for backward scattering, and the error increases with energy. Because of the fact that backward scattering is not of major importance for SPECT imaging, the assumption is more than acceptable.
The application of buildup only to the scatter leg is correct for more cases, especially to an infinite medium. For finite or structured media, however, it was shown for shielding problems that the simplification may or may not be quite correct. But, because after the application of the buildup factor all information of the arrival direction and energy of photons is lost and the buildup for the scattered energy is generally larger than that for the incident energy, the most reasonable approach seems to be the application of buildup only on the scatter leg.
Finally, the fourth assumption was made because the general multimedia buildup factor is not easily available. The buildup factor for water is available as ANS 6.4.3 standard reference data for a long time, but for the bone buildup factor it can be found in Sidhu et al 2000 (table 2) .
In figure 2 , the buildup factors for water and bone are presented for energies up to 140 keV. It can be seen that for low values of energy (40 keV) there is no significant difference between water and bone buildup factors for the value x < 5. But for energy 140 keV, the difference between water and bone buildup factors is significant. We can conclude that for low thick bones and low energies of radiation, the buildup factor for water can be used instead of the buildup factor for bone. In other cases, this approximation is not useful. These limitations are included in our program BUILDVOX.FOR.
Using a single-material buildup factor for objects that are not homogenous can be a source of error. If one assumes (when each layer is less than x = 2 mfp thick) that the structure is made entirely of material having the largest buildup factor, then the dose is overestimated. Conversely, if one assumes that the material having the lowest buildup factor is representative, then the dose is underestimated.
A parallel beam collimator, that is only considered, is simply modelled by means of a concept of the law of optical possibility of the photon passage throughout the holes. Any gamma ray that satisfies the law was passed through the collimator hole to the NaI(Tl) crystal, but the others were not. Septal penetration and scatter of any kind in the collimator were not included in this model.
Perfect energy and spatial resolution of the gamma camera crystal were assumed, but the detector efficiency dependence upon energy and scintillator thickness has been accounted.
( (   Figure 2 . The buildup factors for water (Trubey 1990 ) and bone (Sidhu et al 2000) .
Photons, scattered and directly arrived, with its energy in the prescribed energy window, were registered, but the other ones were rejected. The original FORTRAN computer code BUILDVOX.FOR for an IBM PC, based on the proposed model and voxelized geometry configuration, was written, and it has been used for all calculations presented in this paper that refer to the model. The BUILDVOX.FOR code calculates the PSF for different views and locations of the gamma camera with respect to the imaging object. The MCNP-4B code (Breismeister 2000), PENELOPE (Salvat et al 2003) and FOTELP-2K3 (Ilic 2002) have been used for the reference calculations. The proposed model calculations were compared to them.
MC simulation
There is increasing evidence that MC based codes are the most powerful tools for nuclear particles transport calculation. The most powerful feature of MC techniques is the possibility of simulating all individual particle interactions in three dimensions and performing numerical experiments with preset uncertainties.
There is growing interest among nuclear physicists for the application to MC based codes used in subatomic physics in medical imaging. A reliable MC simulation is of utmost importance to evaluate the performances of the gamma cameras.
In this paper, general MC codes MCNP-4B, PENELOPE and FOTELP-2K6 have been used to simulate gamma camera image acquisition. All three codes are with similar models for photon transport in the region of low energies (<150 keV).
The MCNP-4b is a general-purpose MC code that can be used for neutron, photon, electron or coupled neutron/photon/electron transport. Simulation of the medical imaging system is not specifically included and requires an extensive amount of user programming. To obtain the PSF for gamma camera response with a parallel beam collimator, the MCNP-4b MC code was used taking its filtered PTRAC output, that is in most cases enormously large, containing data of the photon's last interaction location and direction.
The gamma camera detection system and the collimator were modelled using a separate program, especially designed for this purpose. Input data for this code were taken from the MCNP-4b PTRAC output. A geometric model, based on optic lows, without septal penetration or scatter in the collimator, was accepted. Corrections were made for the detection efficiency of the scintillator as a function of photon energy, and the scintillator thickness influence on the detection process is also accounted. A Gaussian shaped energy resolution of 9.8% was assumed for the NaI(Tl) detector. The detector system position blurring was modelled with Gaussian functions.
PENELOPE (Salvat et al 2006) performs MC of coupled electron-photon transport in arbitrary materials complex quadric geometries. Photon interactions (Rayleigh scattering, Compton scattering, photoelectric effect and electron-positron pair production) and positron annihilation are simulated in a detailed way. Binding effects and Doppler broadening in Compton scattering are also taken into account.
The PENELOPE fortran code has been modified in such a way that it can perform gamma camera photon treatment; the output is the image of the gamma camera view.
The FOTELP-2K6 is a new compact version of the previous FOTELP-PEN and FOTELP-2KG codes designed to compute the transport of photons, electrons and positrons through 3D material and sources geometry by MC techniques, using the subroutine package RFG and/or PENGEOM from the PENELOPE 2000 code.
Physical rigor is maximized by employing the best available cross sections and high-speed routines for random values sampling from their distributions, and the most complete physical model for describing the transport and production of the photon/electron/positron cascade from 1000.0 MeV down to 1.0 keV. FOTELP-2K3 is developed for photon, electron and positron numerical experiments by MC techniques for dosimetry, radiation damage, radiation therapy and other actual applications of these particles.
For the photon history, the trajectory is generated by following it from scattering to scattering using a corresponding inverse distribution between collisions, types of target, types of collisions, types of secondaries, their energy and scattering angles. Photon interactions are photoelectric absorption, incoherent scattering, pair production and coherent scattering. The histories of secondary photons include bremsstrahlung and positron-electron annihilation radiation.
The condensed history MC method is used for the electron and positron transport simulation. During a history, the particles lose energy in collisions, and the secondary particles are generated on the step according to the probabilities for their occurrence. Electron (positron) energy loss takes place through inelastic electron-electron (e − , e − ) and positron-electron (e + , e − ) collisions and bremsstrahlung generation. The fluctuation of energy loss (straggling) is included according to Landau's or Blunk-Westphal distributions with nine Gaussians. The secondary electrons, which follow the history of particles, include knock-on, pair production, Compton and photoelectric electrons. The secondary positrons, which follow pair production, are included, too. With atomic data, the electron and positron MC simulation is broadened to treat atomic ion relaxation after photo-effect and impact ionization.
For medical image reconstruction studies, the MC method is extremely time-consuming. To obtain acceptable high statistics required for image reconstruction studies, it is necessary to track hundreds of millions of particles and, consequently, a large amount of computer time is required.
All MC simulations (without variance reduction), that are done and presented in this paper, are considered as reference calculations. The PSFs obtained by means of the proposed model were compared with them. 
Measurements
To evaluate the usefulness and accuracy of the proposed model, studies were made on the phantom-like cylinder filled with water with the source inside. The phantom, used for measurement and simulation, was the cylinder tank made of polypropylene plastics 1 mm in thickness, having 23 cm in diameter and 24 cm in height, filled with water ( figure 3 ). The source we used was the technetium pertechnetate water solution (activity has been 287 MBq at the beginning of measurement), encapsulated in a polyethylene plastic cylinder which were 0.45 cm in inner diameter, 0.55 cm in outer diameter and 0.472 cm in height. The source axis was positioned 5.00 cm from the phantom axis and at half of the phantom height. The simple geometry of the source and the phantom allows for easy evaluation of a gamma camera response.
The camera head, used in this evaluation, was positioned 20 cm from the axis of rotation. The experiment has been done using an ADAC EPIC gamma camera equipped with a VXGP hexagonal parallel collimator (the hole length was 1.78 mm, septa was 0.152 mm and hole equivalent diameter was 1.78 mm). The gamma camera 9.5 mm NaI(Tl) detector, having intrinsic energy resolution of 9.5%, was used. The time of acquisition was 30 s for all measurements. In these experiments the data were acquired as a 256 × 256 array with a pixel size of 0.237 × 0.237 cm 2 . The energy window was 126 keV to 154 keV (20%), and the intrinsic spatial resolution (without collimator) was 3.5 mm.
The axis of rotation of the gamma camera is the axis of the cylinder and was oriented parallel to the collimator surface ( figure 3) .
The images of the used source were recorded for eight views, but we presented only three of them in this paper. For example, in figure 4 , the image of the used technetium source at the angle of θ = 0 is shown.
Results
In order to verify the proposed model's validity, a series of images, for different camera views, has been evaluated and compared to those obtained by MCNP-4B, PENELOPE and FOTELP-2K6 MC simulations, and experiment. All calculations and experiment were carried out for the phantom-like cylinder (figure 3), having a radius of 11.5 cm and a height of 24 cm , made of polypropylene plastic, filled with water. The Anger gamma camera, positioned 20 cm from the cylinder axis and placed with its face parallel to the phantom axis, equipped with a 42 mm long parallel hexagonal lead collimator, having a 1.78 mm equivalent diameter of holes and 0.152 mm septa, was used. For the simulation purposes, the physical phantom was divided into 58 × 58 × 60 cubic voxels, which were 0.4 cm × 0.4 cm × 0.4 cm in size. The linear attenuation coefficient in each voxel was known via CT numbers and assumed to be constant inside the voxel.
In clinical practice, the CT numbers are obtained by means of a CT imaging process. The chemical composition of biological material is determined from CT numbers by means of the Schneider method (Schneider et al 2000) .
For the proposed model's testing purposes, the Tc-99m point source was located in the voxel centred at x = 5.00 cm, y = 0.20 cm, z = 0.20 cm (if it was used voxels of 0.4 cm × 0.4 cm × 0.4 cm in size) emitted 8.609 × 10 9 photons. The phantom was divided into 58 × 58 × 60 voxels. The MC simulations, that were compared to those obtained by the model, were done taking uniformly distributed radionuclide in the source voxel.
Figures 5-10 show the gamma camera response determined by means of the proposed model, MCNP-4B, PENELOPE, FOTELP-2K6 calculation, and experiment for different views (angles), θ = 0, θ = 90
• and θ = 180 • , respectively. The PENELOPE and the FOTELP-2K6 simulations were done taking the 8.609 × 10 8 histories, but the MCNP-4B simulation was done using 8.609 × 10 7 histories. In the first case, the result is multiplied by 10, but in the second case the result is multiplied by 100.
The calculations of gamma camera response with the BULIDVOX.FOR program requires from 1 s to 200 s (depending on the gamma camera view and the number of scatter voxels) of CPU time on a 2 GHz PC computer. MC simulations on the same PC requires from 2 h to 3 h of CPU time.
The source (287 MBq in activity) used in the experiments is described in section 4. When we analysed the range where the MC method gives statistically accepted results (the number of counts greater than approximately 300), we concluded that our proposed method gives results with a maximum difference within 5% to MC simulations. Out of this range, statistical fluctuations of MC results are significant as it can be seen in figures 5, 7 and 9.
Experimental results in the range where they are statistically acceptable are in good agreement with the proposed model (differences are within 10%). But in the study shown in figure 7 , experimental results differ more (especially near the peak) because the source was moved from its original position. As a consequence instead of rotating the camera, we rotated the container with the source inside water. The source was not firmly fixed and moved a little from its original position.
It is also straightforward to compare the absolute amounts of scattered and directly arrived (unscattered) photons. The common basis for comparison is the number of photons emitted by the source. Calculations show that the numbers of the total and directly arrived photons to the gamma camera continuously decrease with radiation source depth, which is approved by means of MCNP simulation. The number of scattered photons first increases with depth, but later decreases (figure 11). Relative contribution of scattered photons, as can be expected, increases, but directly arrived ones decrease with depth (figure 12). It can be seen that the agreement with MC results is excellent for unscattered and scattered photons, except for a very deep location of the source.
Finally, figure 13 represents a schematic illustration of the digital phantom ('U' letter) used in simulations. Figure 14 shows a 3D representation of the image (at an angle θ = 0) obtained by the proposed model. Figure 15 contains the FOTELP-2K6 image simulation of the digital phantom. We can see that the images are fairly similar. We also analysed (using program BUILDVOX.FOR) the impact of a number of voxels on the shape of the PSF for different views of the gamma camera and locations of the point source. In figure 16 , the PSF for a number of scattered voxels 32 × 32 × 34 and 58 × 58 × 60 is presented. It can be seen that for a reduced number of scattered voxels' results for the PSF differ significantly in the area out of the peak value. 
Conclusions
In this study, we investigated the accuracy of our model, comparing it with MC simulations and physical phantom measurements. We have successfully verified the validity of the proposed model and we deduced that it is as good as a 3D projector simulator, and it is convenient to use for the determination of radioisotope distribution in SPECT imaging. Results indicate that the algorithm is favourable in those situations where more exact techniques (such as MC simulation or discrete ordinate calculation) are not economical. Advantages of the proposed model are as follows.
(i) The stochastic fluctuations in the result of the calculation that appears in MC simulation, especially in the case when a low number of registered photons per pixel are expected, can be overcome by using our deterministic approach. Deep located sources are always a problem, especially for low-energy isotopes, so the deterministic approach in such situations is better. (ii) The proposed model can be used as a projector that gives an accurate emission image with a low computational burden (compared to MC simulations). Additionally, the computational time can be reduced in the case of a reduced number of scatter voxels. (iii) The time needed for calculation is greatly reduced for modelling the multiple scattering by means of the buildup factors, without a significant reduction of precision compared to MC simulations. (iv) The voxelized object of imaging allows us to use CT numbers, so the real situations can be treated. (v) The numerical experiments show that well-known dose buildup factors for water can be used instead of the buildup factor for bone for a limited range of bone thickness and lower energies. In other cases, this approximation is not useful. (vi) The proposed model can be applied for an arbitrary shape of the object of imaging, as a consequence of a voxelized structure and description of properties of tissue by means of CT numbers. It can be used for a nonuniform object. (vii) The numerical experiments, that have been done, show that the error in the case of a reduced number of scatter voxels (32 × 32 × 34 instead 58 × 58 × 60) differs significantly in the area out of the peak value of PSF. (viii) The proposed model can be used for SPECT imaging simulator realization.
The development of the code BUILDVOX.FOR, based on the proposed model, is ongoing by continually upgrading the implemented physical model and increasing the efficiency of the implemented algorithms in order to decrease the burden of computation.
